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Almost one and a half centuries ago, Abbe [Arch. Mikrosk. Anat. 9, 413 (1873)] and shortly after Lord
Rayleigh [Philos. Mag. Ser. 5 8, 261 (1879)] showed that, when an optical lens is illuminated by a plane wave,
a diffraction-limited spot with radius 0.61λ/ sin α is obtained, where λ is the wavelength and α is the semiangle
of the beam’s convergence cone. However, spots with much smaller features can be obtained at the focal plane
when the lens is illuminated by an appropriately structured beam. Whereas this concept is known for light beams,
here, we show how to realize it for a massive-particle wave function, namely, a free electron. We experimentally
demonstrate an electron central spot of radius 106 pm, which is more than two times smaller than the diffraction
limit of the experimental setup used. In addition, we demonstrate that this central spot can be structured by
adding orbital angular momentum to it. The resulting superoscillating vortex beam has a smaller dark core with
respect to a regular vortex beam. This family of electron beams having hot spots with arbitrarily small features
and tailored structures could be useful for studying electron-matter interactions with subatomic resolution.
DOI: 10.1103/PhysRevA.95.031802

Among the methods that are used in light optics for circumventing the Abbe-Rayleigh [1,2] diffraction limit are nearfield microscopy [3], metamaterial-based perfect lenses and
superlenses [4], and various other super-resolution schemes,
e.g., Refs. [5,6]. However, these methods have yet to be
demonstrated with matter (e.g., electron) waves. An interesting
proposal for manifesting arbitrarily small spots for optical
microscopy was made in 1952 by Toraldo di Francia [7].
Following earlier work in the microwave regime [8], he
proposed putting a series of concentric rings near the lens
pupil, thereby modulating the incoming wave so that the
central focal spot could be made smaller than the AbbeRayleigh limit, accompanied by a peripheral ring of light.
In a related development and following concepts that were
developed for weak measurements in quantum systems [9],
Berry introduced the concept of superoscillating functions
and predicted their potential applications for super-resolution
microscopy [10]. These superoscillating functions are bandlimited functions that locally oscillate faster than their highest
Fourier component [9,10]. They have been applied successfully to several applications such as optical microscopy [11],
optical beam shaping [12], nonlinear frequency conversion
[13], and surface plasmon polariton spot generation [14].
Superoscillations have also been studied in the time domain for
applications such as time-dependent subdiffraction focusing
[15] and “supertransmission” through absorbing media [16].
The concept of superoscillating waves was not applied until
now to matter waves, but it can offer attractive opportunities
owing to the much shorter wavelengths of these waves with
respect to optical waves. In this Rapid Communication, we
concentrate on electron waves and address the following
questions: How can we generate a superoscillating wave
function? What is the size that can be reached with comparison
to the diffraction-limited spot size? Can we obtain hot spots
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that are comparable with the size of an atom? What are the
limitations on the minimum feature size? And finally, can
we structure these superoscillating beams, for example, by
adding orbital angular momentum to them, thereby generating
superoscillating vortex beams?
Since the beginning of the present decade, the use of
holographic masks in electron microscopy has attracted
increasing attention, as it allows complete control over the
electron amplitude and phase distributions, thus realizing
special electron beams [17–19], and opening new possibilities
for structured illumination electron microscopy [20,21]. Here,
we apply such a mask to form a superoscillatory electron
wave function, and discuss its prospects. This wave function,
which is designed following a simple analytic derivation
[22], features a central spot that can theoretically be made
arbitrarily small and routinely smaller than the Abbe-Rayleigh
diffraction limit. We note that electron microscopy provides
a significantly smaller spot size with respect to optical
microscopy, since the de Broglie wavelength of the electron we
use is only 2 pm (300 keV), more than five orders of magnitude
smaller than the wavelength of visible light; the electron
superoscillating hot spot is therefore also much smaller than
superoscillations demonstrated so far in light optics. Moreover,
unlike photons, charged particles interact with magnetic fields,
giving superoscillatory vortex probes interesting prospects for
observing and interacting with magnetic materials [17,23].
We now derive a holographic mask design for producing a
superoscillatory spot. Unlike a conventional probe-forming
lens, which utilizes a uniform, circular hard aperture of
diameter D, our proposed superoscillatory probe utilizes
a transparency-phase mask ψmask (r), where r is the radial
distance from the column axis. We use a function previously
used in light optics [22,24],
 iπ
e , r  rπ ,
ψmask (r) ∝
(1)
1,
rπ < r  rmax ,
where 0 < rπ < rmax and rmax = D/2. The transmitted wave,
i.e., ψmask (r), is then condensed by a lens to form the probe
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FIG. 1. Schematic description of superoscillating electron wavefunction generation. The desired wave function is created in the +1
and −1 diffraction orders.

wave function, which is proportional to the Fourier transform
of ψmask (r), [17,25], where the angular coordinate θ is replaced
(under the small-angle approximation) by θ = r/(f λ),
ψprobe (a) ∝ a −1 [rmax J1 (rmax a) − 2rπ J1 (rπ a)],

(2)

where a = 2π r/f λ and f is the condenser lens focal length.
The probability density for electron detection at a normalized
distance a from the axis is given by |(a)|2 .
We have implemented this probe-forming mask as an
off-axis computer-generated hologram [26]. Among the advantages of this method are the realization of both the phase
and the amplitude of the wave function by a binary pass-block
mask. The off-axis carrier wave number, kc = 2π/500 nm
throughout this work, determines the spatial separation between the unwanted zero order and the target superoscillatory
first order, in the following computer-generated hologram
expression,

sgn[cos (kc y + π )] + 1, r  rπ ,
ψholo (r,y) ∝
rπ < r  rmax .
sgn[cos (kc y)] + 1,
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FIG. 2. Scanning electron micrographs of binary amplitude
masks [(a), (d), (g), (j)], shown alongside simulations [(b), (e), (h), (k)]
and experimental results [(c), (f), (i), (l)] for a circular aperture and
superoscillation masks of diameter 10 µm for α = 3.7 mrad (rows 1
and 2), and for diameter 20 µm and α = 5.2 mrad (rows 3 and 4). The
measurements of superoscillating electron beams (f) and (l) exhibit
central hot spots of radius 114 and 106 pm, respectively, compared
to diffraction-limit’s Airy disk radii of 334 and 235 pm, respectively.
(m) Three central orders of the diffraction pattern of the mask in (d).

(3)
As illustrated in Fig. 1, the electron wave function will be
the Fourier transform of ψholo (r,y), for which orders +1 and
−1 have the form of Eq. (2),
±
−1
(a± ) ∝ a±
probe
[rmax J1 (a± rmax ) − 2rπ J1 (a± rπ )],

(4)

where r = (x,y), x,y are the Fourier plane coordinates,
r0 = (0,kc f/k), and a± ≡ k|r ± r0 |/f .
We note that it is also possible to realize the desired
pattern on the column axis (r = 0) using a variable thickness
phase mask [21]. In addition, although the outer ring of the
superoscillatory spot resembles a vortex beam [27], there is
no helical phase present, as evident from Eq. (2), which shows
that the probe is purely real. Figures 2(f) and 2(l) present experimentally realized superoscillatory electron probes, which

have central hot-spot radii of 114 and 106 pm, i.e., 66% and
55% smaller than the diffraction-limit’s Airy radii of 334 and
235 pm for the convergence semiangles used, α = 3.7 and 5.2
mrad, respectively. Note that this hot spot is three orders of
magnitude smaller with respect to those that were obtained
in light optics [11] and is comparable to the size of small
atoms [28,29]. The experimental details can be found in Sec.
2 of the Supplemental Material [30]. Looking forward, we
postulate that any scattering by the hologram material could
be eliminated, along with the use of an amplitude mask, by
generating the phase plate [Eq. (1)] via an aberration corrector,
in a similar fashion to Airy beam generation [31].
Our experiment was limited by the imaging objective lens
of the confocal setup, whose spherical aberration could not
be corrected. The spherical aberration of this uncorrected lens
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FIG. 3. (a) Simulation of a superoscillating electron beam for an
aberration-corrected microscope in both the probe and the imaging
parts with α = 25 mrad and rπ /rmax = 0.64. The radius of the central
hot spot, 20 pm, is only ten times the electron wavelength. The dashed
black line marks the diffraction-limited Airy disk. (b) Central lobe
radius plotted as a function of rπ /rmax . Theoretically, an arbitrarily
small electron hot spot can be achieved, as long as factors such as
spatial coherence and signal-to-noise ratio are addressed.

explains why, for the larger convergence angle experiment
[Figs. 2(g)–2(l)], the circular aperture spot was significantly
larger than the theoretical diffraction-limited spot [comparing
Fig. 2(i) with Fig. 2(h)]. In Sec. 1 of the Supplemental
Material [30], we report a similar experiment for a much
smaller convergence angle, hence with negligible spherical
and chromatic aberrations, as well as a negligible effect of
partial spatial coherence and inelastic scattering. In that case,
the experimental spot size is in an excellent agreement with
the theoretical prediction, although the smaller convergence
angle also leads to a much larger overall spot size.
Let us now consider the fundamental limitations for the hotspot size. In Fig. 3, we calculate the size of the superoscillating
central hot spot in a state-of-the-art microscope, where both the
probe-forming and the imaging parts are aberration corrected
for a convergence semiangle of 25 mrad, which is slightly
more conservative than the value of α = 32.4 mrad achieved
by Sawada et al. [32]. In contrast to conventional spots, which
are bounded by diffraction associated with the aforementioned
Airy disk, a superoscillating spot can be arbitrary small for
large enough values of rπ [see Fig. 3(b)]. This conceptually
includes hot spots that are smaller than the wavelength, as was
already demonstrated in light optics [11]. However, significant
limitations stem from the low relative intensity of the hot spot,
as we discuss below. In a more practical sense, in the following
we consider also incoherent aberrations, namely, partial spatial
coherence and chromatic aberration.
Spatial incoherence. The field emission gun tip is demagnified when imaged onto the specimen plane to form a small
probe. The size of the image of the gun determines the amount
of smear expected for the measured wave function. In a stateof-the art scanning transmission electron microscope (STEM),
this smear is about 7 pm [32]. As simulated in Figs. 4(a)–4(d),
the 10λ radius hot spot described in Fig. 3(a) can indeed be
realized experimentally using today’s technology.
We stress that, even when the source is spatially incoherent,
the wave front of each emitted electron contains the superoscillation (which can be arbitrarily small). However, the reduction
in contrast caused by spatial incoherence would hamper the
observation of a small superoscillation within a large ensemble
of electrons.

(e)

FIG. 4. The effect of spatial and temporal incoherence on a 10λ
superoscillating hot spot for α = 25 mrad. (a) The superoscillating
probe assuming perfect coherence. (b) Gun shape after demagnification, having a full width at half maximum of 7 pm. (c) The convolution
of (a) and (b). (d) Cross sections of (a) (solid) and (c) (dashed). (e) The
effect of chromatic aberration for α = 25 mrad, Cc = 1.35 mm, E =
300 keV, for E = 0 eV (solid blue) and E = 0.5 eV (dashed red).
Incoherent summation was carried out over an ensemble of
√ electrons
having a Gaussian energy distribution with σE = E/ 8 ln(2) =
0.21 eV.

Temporal incoherence: The energy uncertainty of the
electron, attributed to the gun and the high-voltage supply,
results in chromatic aberration. We split the discussion into
two effects. First, the focal length of the lens changes with the
wavelength of the electron, causing different electron wave
functions to be slightly defocused compared to the designed
wavelength. We performed simulations for a chromatic aberration coefficient Cc of 1.35 mm and an energy spread of
E = 0.5 eV, which is determined as a sum of squares of the
electron gun energy spread of 0.4 eV [32], a typical instability
of the high-voltage supply of 0.2 eV, and a typical instability of
the condenser system, equivalent to 0.2 eV. The convergence
angle was α = 25 mrad. As Fig. 4(e) shows, this chromatic
aberration causes a negligible smear of the hot spot. Second,
even if Cc is zero, the scale of the probe plane changes by an
amount λ/λ, which is around 10−6  1 and therefore gives
a negligible smearing effect.
We note that temporal incoherence can be reduced by using
an electron monochromator [33], which transfers the problem
to a signal-to-noise ratio issue (which can be compensated by
using a large exposure time, assuming that the electronics and
mechanics are stable).
Inelastic scattering. Some of the contrast degradation
apparent in Fig. 2 is attributed to inelastic scattering from
the parts of the mechanically supporting 100-nm SiN, which
were not milled. Removing this support (for example, see the
mask in Ref. [17]) would lead to the exclusion of any inelastic
scattering, thus enabling a smaller spot.
Overall stability and signal-to-noise ratio. The intensity of
the hot-spot in Fig. 3(a) is only three times lower than that of
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FIG. 5. Hot-spot peak intensity divided by sidelobe peak intensity, shown as a function of hot-spot radius. The calculations were
performed for a convergence semiangle of 25 mrad and λ = 2 pm.
Each point in this plot corresponds to a different value of rπ /rmax .

the peripheral ring. Therefore, Figs. 2 and 3(a) are not different
in terms of the signal-to-noise ratio. When trying to decrease
the hot-spot size towards the de Broglie wavelength, significant
limitations stem from both the low relative intensity of the hot
spot, as shown in Fig. 5, and the mechanical stability of the
microscope column.
As demonstrated recently by Singh et al. [34] in light optics,
the central spot of a superoscillating beam can be structured.
Here, we implement this concept in electron optics to create
superoscillating electron vortex beams. Such vortex beams
are characterized by a helical phase and carry orbital angular
momentum (OAM). Owing to the on-axis phase singularity,
these beams are characterized by a doughnut shape, with a
dark central core. The generation of electron vortex beams
[17,21,25,27] and their application for studying magnetic
dichroism [17,35] and for rotating nanoparticles [36] have
generated much interest in recent years. The superoscillating
vortex beams as shown here have smaller dark cores compared
to conventional vortex beams, thereby potentially enabling one
to study the transfer of angular momentum between electrons
and matter with improved resolution.
To generate these beams, we used the following mask
design,

sgn[cos(kc y + lφ + π )] + 1, r  rπ ,
ψholo (r,y) ∝
sgn[cos(kc y + lφ)] + 1,
rπ < r  rmax ,
(5)
where φ is the angle with the y axis at the plane of the mask and
l is an integer [37]. In comparison to Eq. (1), which was used to
generate a nonstructured superoscillating beam, a helical phase
term exp(ilφ) was added. This adds an OAM of h̄l per electron.
In Figs. 6(f) and 6(l), we show experimentally electron beams
with OAMs of 1h̄ and 3h̄, having inner rings that are smaller by
20% and 32%, respectively, compared to conventional beams
with the same OAM values. This experiment was performed
with α = 0.05 mrad and mask diameters of 10 µm, but could
easily be repeated for a larger convergence angle similarly to
Fig. 2. As shown by Singh et al. [34] for the case of light beams,
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FIG. 6. Superoscillating electron vortex beams. Vortex and superoscillating rπ /rmax = 0.68 vortex beams with OAM = 1 (rows 1
and 2, respectively) and OAM = 3 (rows 3 and 4). (m) Schematic
description of equiphase surfaces of OAM = 3 superoscillatory
electron vortex (row 4), with π -phase-shifted inner and outer rings.

other structures with interesting properties can be imposed
on a superoscillating hot spot—for example, Airy functions
that exhibit self-acceleration, or multilobed Hermite-Gauss
functions.
In this Rapid Communication, we have presented superoscillating wave functions for a massive particle, featuring a
central spot that is smaller than the Abbe-Rayleigh diffraction
limit, as well as superoscillating vortex beams. These can
be the first members in a family of shaped superoscillatory
electron wave functions. The transmission electron microscope operates fundamentally in the single-particle regime,
supporting the assertion that superoscillation stems from
interference of the wave function with itself [38]. We have
shown a straightforward, highly efficient method to produce
the wave function, generated for an arbitrary focal length. We
have demonstrated how a hot spot only ten times the electron
wavelength can be created nowadays using this method.
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In addition, with improving technology, a subwavelength
electron hot spot might become possible. We believe that
this demonstration opens a wide range of possibilities in
electron wave-function manipulation, in order to create dense
oscillations that were previously thought impossible in finite
electron wave functions, such as subdiffraction needles [39]
that can enable increased electron beam lithography resolution,
superoscillatory shape-preserving beams [40], and enhanced
electron microscope images, as was demonstrated with light
[11,41,42]. Arbitrarily dense electron wave functions, having
a tailored shape, can be created by our method using prolate
spherical wave functions [43] (with a penalty to the average
amplitude in the superoscillating area). The superoscillation
wave function can also be used as an initial state for the

realization of weak measurements of displacement in quantum
systems [38,44]. In addition, we note that superoscillations
could be created using the concept presented here with other
massive particles and even large molecules [45].
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