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 a b s t r a c t

Quantifying the magnetic moment of individual nanostructures with high spatial resolution and accuracy re-
mains a challenge. We establish a theoretical framework linking the electron-optical phase shift to the absolute 
magnetic moment and introduce a robust phase-integration method for its direct measurement. The approach 
is validated through simulation and experiment, enabling quantitative nanoscale magnetic analysis in the trans-
mission electron microscope.

Measuring the fundamental electromagnetic properties of nanoma-
terials is essential for understanding their behavior in devices such as 
single-electron transistors and magnetic memory bits [1–9]. Yet doing so 
at the nanoscale is difficult: it requires both high spatial resolution and 
sensitivity to faint signals [10,11]. Transmission electron microscopy 
(TEM) has become a quantitative tool for electromagnetic field map-
ping [12–14], with electron holography as a central technique [15]. The 
measured phase shift 𝜑(𝑥, 𝑦) is proportional to the projected electrostatic 
potential 𝑉 (𝑥, 𝑦, 𝑧) and magnetic vector potential 𝑨(𝑥, 𝑦, 𝑧) [16], encod-
ing information about both electric field and magnetic induction within 
and around the sample.

Frameworks for extracting quantitative information about electric 
and magnetic fields from phase images are well established [17,18]. 
For electric charge 𝑞𝑒, the relationship is straightforward: the phase shift 
connects directly to the projected potential, allowing quantification at 
single-electron precision [19,20]. For magnetic moment 𝐦, the situa-
tion is more complicated [21]. The link between the phase image and 
the magnetic vector potential involves the vector nature of the field and 
the influence of sample shape and magnetic microstructure [22]. This 
complexity can obscure the underlying physics, and the lack of intu-
itive understanding has kept these techniques from spreading beyond 
specialized groups [23,24].

We previously introduced a method to measure magnetic moments 
from electron-optical phase images by integrating the phase along a 
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closed path encircling the particle [21,25,26]. The result is the induc-
tive moment 𝐦B, which is proportional to the out-of-plane component 
of the magnetic moment 𝐦𝑥,𝑦 through a constant that does not depend 
on the particle’s shape, composition, or magnetic state [21]. This uni-
versality makes the method mathematically elegant and experimentally 
convenient. Yet despite its appeal, the method has not seen wide adop-
tion. What has been lacking is an intuitive physical explanation for why 
integrating the phase around a loop yields the magnetic moment.

Here we revisit the theory behind phase integration, focusing on the 
physical ideas rather than the mathematical steps. We show that the 
constant linking the integrated phase to the magnetic moment is sim-
ply the demagnetization factor of the sample [27]. We present a full 
three-dimensional derivation of this relationship, examine error sources 
in electron holography–including terms beyond the quadratic phase er-
ror considered previously [21]–and suggest ways to correct for them. 
Finally, we demonstrate how to apply the framework to experimental 
phase images, connecting the theory to practical measurement.

We begin by establishing the relationship between the measured 
electron-optical phase shift and the magnetic induction of the sample. 
Fig. 1(a) shows the off-axis electron holography (OAEH) setup. A coher-
ent electron wave splits into an object wave passing through the spec-
imen and a reference wave traveling through vacuum. Their interfer-
ence produces a hologram encoding the phase shift 𝜑(𝑥, 𝑦) imparted by 
the sample. This phase shift is proportional to the line integral of the
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Fig. 1. Mapping magnetic induction via off-axis electron holography Mapping magnetic induction via off-axis electron holography (OAEH). (a) schematic of the 
experimental setup: interference between object and reference waves encodes the magnetic phase shift in a hologram. (b) principle of magnetic phase imaging: a 
magnetized nanoparticle imprints a phase shift 𝜑𝑀 on the transmitted electron wave. (c) simulated 𝜑𝑀 for a uniformly magnetized nanosphere (diameter 50 nm, 
𝐵𝑥𝑦 = 0.7 T, magnetization tilted 61◦ from the 𝑥 axis). Scale bar: 200 nm. (d) convergence of the total in-plane moment 𝐦𝑥𝑦 obtained from line integrals of 𝜑𝑀 along 
concentric circular paths with increasing radius.

electromagnetic potentials along the electron beam direction (𝑧) [15]:

𝜑(𝑥, 𝑦) = 𝑒
ℏ𝑣 ∫

+∞

−∞
𝑉 (𝑥, 𝑦, 𝑧) d𝑧 − 𝑒

ℏ ∫

+∞

−∞
𝐴𝑧(𝑥, 𝑦, 𝑧) d𝑧, (1)

where 𝑒 is the elementary charge, ℏ the reduced Planck constant, and 
𝑣 the relativistic electron velocity. The first term arises from the elec-
trostatic potential 𝑉 , the second from the 𝑧-component of the magnetic 
vector potential 𝐀.

For a non-uniform magnetic moment distribution, the total moment 
is 𝐦̄ =

∑

𝑖 𝐦𝑖, equivalent to a single magnetic dipole (Fig. 1(b)) [28]. 
Outside the sample, the magnetic induction is the superposition of fields 
from each dipole.

We previously introduced a method to determine the magnetic mo-
ment of a nanoparticle from a phase image by integrating the phase 
over a circular path enclosing the structure [21]. Here we expand on 
this foundation with a rigorous exposition clarifying the physical inter-
pretation and underlying assumptions.

The magnetic phase shift 𝜑𝑀  is given by

𝜑𝑀 (𝐫⟂) = − 𝜋
𝜙0 ∫

+∞

−∞
𝐴𝑧(𝐫⟂, 𝑧)d𝑧, (2)

where 𝐫⟂ = (𝑥, 𝑦) and 𝜙0 = ℎ∕2𝑒 is the flux quantum. Taking the gradient 
yields the projected in-plane induction:

𝐁p(𝐫⟂) =
𝜙0
𝜋
[−𝜕𝑦𝜑𝑀 (𝐫⟂), 𝜕𝑥𝜑𝑀 (𝐫⟂)]. (3)

Integrating the phase gradient over a domain 𝐷 gives
𝜙0
𝜋 ∬𝐷

𝛁𝜑𝑀 (𝐫⟂)d2𝐫⟂ = ∭𝐷⊗ℝ
[𝐵𝑦(𝐫),−𝐵𝑥(𝐫)]d3𝐫, (4)

where 𝐷⊗ℝ is the infinite cylinder with cross-section 𝐷 along 𝐳̂. We 
define the inductive moment
𝐦B ≡ 1

𝜇0 ∭𝐷⊗ℝ
𝐁(𝐫)d3𝐫, (5)

to be contrasted with the true magnetic moment

𝐦 = ∭ℝ3
𝐌(𝐫)d3𝐫. (6)

Both quantities have dimensions of Am2 and are expressed in Bohr mag-
netons 𝜇B = 9.274 × 10−24 J T−1.

Using 𝐁 = 𝛁 × 𝐀 and the divergence theorem, Eq. (5) becomes

𝐦B = 1
𝜇0 ∭𝐷⊗ℝ

𝛁 × 𝐀(𝐫)d3𝐫 = 1
𝜇0 ∬𝜕(𝐷⊗ℝ)

d𝐒 × 𝐀(𝐫)

=
𝜙0
𝜋𝜇0 ∮𝜕𝐷

𝜑𝑀 (𝐫⟂) d𝓁. (7)

Thus for any closed-path 𝜕𝐷, the circulation of the magnetic phase yields 
𝐦B. The relationship between 𝐦B and the true moment 𝐦 generally 
depends on the choice of integration path.

With the inductive moment defined via closed-path phase integra-
tion, we now relate it to the true magnetic moment of the sample. A full 
derivation of the volume integration of the magnetic induction for a uni-
formly magnetized body is given in Supplementary Notes 1 and 2. Sum-
marized here is the key result that connects the true magnetic moment 𝐦
of the sample to the inductive moment 𝐦B inferred from electron-optical 
phase measurements.

Starting from the vector potential 𝐀 for a magnetic dipole [28] and 
substituting it into the expression for the magnetic induction (Eq. (7)), 
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Fig. 2. Comparison of 𝑁𝑥,𝑦 from phase integration and analytic formulas Comparison of demagnetization factors 𝑁𝑥,𝑦 obtained from phase integration and analytic 
formulas. (a) simulated magnetic phase shift 𝜑𝑀 for a 50-nm-diameter sphere, showing integration paths. (b) inductive moments 𝑚B

𝑥,𝑦 obtained from closed-path 
phase integrals. (c,d) comparison of 𝑁𝑥,𝑦 from phase integration for elliptical and rectangular paths with the analytic results from Beleggia et al. [29] (M.B.) and 
Joseph [30] (R.I.J.). Residuals show excellent agreement between the experimental results (𝑁𝑥,𝑦-Cal.) and the analytic formulas.

the field outside the sample can be expressed. However, in a practical 
inductive measurement, the detected flux links a path that encloses the 
sample. The general relationship between 𝐦B and 𝐦 is given by
𝐦B = 𝐦 −𝐦H(𝐷,𝐌), (8)

where 𝐦H is a path-dependent term arising from demagnetizing fields. 
This term accounts for how the magnetic field lines are distorted by 
the sample’s shape, with 𝐷 representing the geometry of the integration 
path and 𝐌 the magnetization, as shown in Supplementary Figure S1.

For a specific experimental geometry, this term can be expressed an-
alytically. For a circular integration path of radius 𝑅, the demagnetizing 
factors of an infinite circular cylinder give the simple relation [21]

𝐦B =
[ 1
2
𝑚𝑥,

1
2
𝑚𝑦, 𝑚𝑧

]

. (9)

For a circular integration path, the in-plane components (𝑥, 𝑦) of the 
inductive moment 𝐦B are half those of the true moment 𝐦. Note that 
electron holography does not record 𝑚𝑧. For an elliptical path, the in-
plane components are reduced by the planar demagnetization factors 
𝑁𝑥,𝑦 of an infinite elliptical cylinder [29], which generalizes the result 
in Eq. (8).

To test the theoretical relationship between 𝐦B and 𝐦 derived above, 
we performed numerical simulations on uniformly magnetized spheres. 
We extend the methodology for measuring the volume-averaged induc-
tive moment 𝐦B by moving beyond circular paths (Fig. 1(c, d)) to incor-
porate elliptical and rectangular integration paths. Fig. 2(a) shows the 
simulated magnetic phase shift 𝜑𝑀  for a uniformly magnetized sphere 
(50 nm diameter), with representative elliptical and rectangular inte-
gration paths overlaid at the minimum and maximum radii. Fig. 2(b) 
presents a key finding, namely, the measured components 𝑚B

𝑥,𝑦 plotted 
as a function of integration path radius for both an ellipse and a rectan-
gle with a fixed eccentric ratio of 0.66. The standard eccentricity of an 
ellipse is given by 𝑒 =

√

1 − 𝑏2
𝑎2
, with 𝑎 > 𝑏 as the semi-axes. By direct 

analogy, we define a pseudo-eccentricity for a rectangle with length 

𝑎 and width 𝑏 (where 𝑎 ≥ 𝑏) using the same formula. Notably, while 
the absolute values of 𝑚B

𝑥,𝑦 differ between the elliptical and rectangu-
lar paths, due to their distinct shapes altering the integrated phase, the 
value for each closed path remains constant across different radii. This 
radius-independence confirms the artifact-free nature of the simulated 
phase images, in contrast to the radial dependence typically observed 
in real experimental data discussed below.

Our method determines the demagnetization factor 𝑁𝑥,𝑦 directly 
from integration of magnetic phase shifts using specific integration ge-
ometries. We begin with the measured inductive moment 𝑚B

𝑥,𝑦, which is 
related to the material’s true moment 𝑚𝑥,𝑦 by 𝑚B

𝑥,𝑦 = (1 −𝑁𝑥,𝑦)𝑚𝑥,𝑦. Here, 
the factor (1 −𝑁𝑥,𝑦) accounts for the internal demagnetizing field. By 
applying this relationship to the integrated magnetic phase, we extract 
𝑁𝑥,𝑦 for a given sample of known 𝑚𝑥,𝑦. In this manner, the demagne-
tization factors are obtained solely from the phase integration method, 
circumventing the need for geometric approximations [27] or magneto-
metric measurements.

Figs. 2(c,d) present this analysis systematically, plotting the derived 
demagnetization factors 𝑁𝑥,𝑦-Cal. over a broad range of elliptical and 
rectangular paths as a function of their eccentricity or aspect ratio. These 
data represent a key finding, demonstrating directly how the demagne-
tization tensor components evolve with the sample’s geometry.

To rigorously test the validity of the relationship 𝑚B
𝑥,𝑦 = (1 −

𝑁𝑥,𝑦)𝑚𝑥,𝑦 and the overall phase integration method, we performed in-
dependent calculations of the demagnetization factors 𝑁𝑥,𝑦 for each el-
liptical and rectangular shape using established analytical and numeri-
cal techniques [30,31]. These explicitly calculated reference values are 
plotted alongside our phase-integration-derived results in Fig. 2(c,d). 
The lower panels quantitatively display the difference Δ𝑁𝑥,𝑦 between 
the two sets of values. The strong agreement observed across the entire 
range of geometries, with minimal discrepancy in Δ𝑁𝑥,𝑦, provides com-
pelling evidence for the accuracy of our approach. This consistency not 
only validates the specific relationship between 𝑚B

𝑥,𝑦 and 𝑚𝑥,𝑦 but also 
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Fig. 3. Quantitative analysis of magnetic moments in Fe3O4 nanoparticles via phase integration Quantitative analysis of magnetic moments in Fe3O4 nanoparticles 
via phase integration. (a) experimental phase shift 𝜑𝑀 for three nanoparticles with integration paths (circular, elliptical, rectangular) at min/max radii. Scale bar: 
200 nm. (b) projected in-plane magnetic induction via cos(20 × 𝜑𝑀 ), showing dipole-like stray fields. (c) inductive moments 𝑚B

𝑥,𝑦 extracted from phase integrations, 
demonstrating robustness across integration geometries.

underscores the general reliability and precision of the phase integra-
tion method for quantifying shape-dependent demagnetization fields in 
two-dimensional systems.

The experimental magnetic phase image 𝜑𝑀  of three Fe3O4 nanopar-
ticles in Fig. 3(a) was acquired through a process that separates electric 
and magnetic contributions, as detailed in Supplementary Note 3. The 
resulting phase contours, presented as cos(20 × 𝜑𝑀 ) in Fig. 3(b), provide 
a two-dimensional projection of the in-plane component of the magnetic 
induction. For phase integration analysis, we defined three closed-path 
geometries on the phase image–a circle, an ellipse, and a rectangle–as 
indicated in Fig. 3(a). Quantitative analysis proceeded by integrating 
the phase shift along the 𝑥- and 𝑦-directions for each geometry over 
a range of integration radii. Fig. 3(c) shows the measured integrated 
phase shifts, their corresponding quadratic fits as a function of radius, 
and the extrapolated values in the zero-radius limit. From these extrapo-
lated values, we determined the inductive magnetic moments. Using the 
known demagnetization factors appropriate for each closed-path geom-
etry in Fig. 2(c,d), we then calculated the total magnetic moment of 
the three-particle ensemble; Table 1 summarizes the results. Additional 
experimental results on four Fe3O4 nanoparticles are reported in Sup-
plementary Figure S3.

The magnetic moments obtained from the three integration geome-
tries show excellent quantitative consistency, varying in magnitude by 
less than 0.5%. Minor angular deviations appeared, with the maximum 
discrepancy confined to 2.17◦. This strong agreement validates the ro-
bustness of the phase integration method for determining total magnetic 
moments in nanomagnetic systems.

The close agreement among experimental results obtained from dif-
ferent integration geometries demonstrates the reliability of this ap-
proach. We now quantify its sensitivity to common experimental ar-
tifacts. Our previous report [21] showed that the error 𝛿𝐦 in the in-
ductively measured magnetic moment 𝐦B scales quadratically with 
the radius 𝑅 of the integration paths, i.e., 𝛿𝐦 ∝ 𝑅2. These systematic 
errors stem from linear phase gradients, perturbations to the refer-
ence wave, and weak stray magnetic fields within the interferomet-
ric measurement [32–34]. To suppress these 𝑅2-dependent contribu-
tions, we measure the inductive moment 𝐦B(𝑅) for a series of inte-
gration paths with varying radii. We then fit a quadratic function to 
the data and take the value extrapolated to 𝑅 = 0 as the corrected 
magnetic moment, which removes errors of 𝛿𝐦 ∝ 𝑅2, as shown in
Fig. 3(c).

We now extend the analysis to include two additional experimen-
tal factors that affect the accuracy of the phase integration method: 
Fresnel diffraction at the biprism filament and Gaussian noise in the 
acquired phase images [22,35]. Fig. 4(a) shows a simulated magnetic 
phase shift for a spherical particle under the combined influence of these 
effects. The simulation models Fresnel diffraction at a biprism voltage 
of 200 V, adds Gaussian noise to achieve a signal-to-noise ratio (SNR) 
of 22.74 dB, and incorporates the previously established quadratic scal-
ing of phase errors. As detailed in Supplementary Note 4 and Figure 
S4-S6, the magnitudes of these perturbations—charging effects, noise, 
and diffraction—are derived from independent quantitative analyses, 
ensuring the simulated phase distribution replicates typical experimen-
tal conditions.

Physics Letters A 593 (2026) 132054 

4 



H. Su, X. Ye, J. Su et al.

Fig. 4. Systematic analysis of error sources in magnetic moment quantification Systematic analysis of error sources in magnetic moment quantification. (a) Simulated 
phase image 𝜑𝑀 of a magnetic sphere with experimental perturbations (noise, Fresnel fringes, quadratic scaling errors). Integration paths (circular, elliptical, 
rectangular) shown at min/max radii. Scale bar: 100 nm. (b) Projected in-plane magnetic induction cos(20 × 𝜑𝑀 ), illustrating signal degradation from added artifacts. 
(c) Inductive moments 𝑚B

𝑥,𝑦 extracted from closed-path phase integrations. Deviation from ground truth quantifies systematic error from each perturbation.

For this simulated phase image, we applied the phase integration 
method using demagnetization factors determined previously for ellip-
tical and rectangular closed-path geometries. The phase contour map 
in Fig. 4(b) represents the corresponding stray field distribution in pro-
jection. The close agreement between these derived stray fields and ex-
perimental observations confirms that the simulation captures the key 
phase perturbations present in practical measurements.

Fig. 4(c) plots the measured inductive signal as a function of 
integration radius for the three closed-path geometries, along with 
quadratic fits. For each geometry, we determined the magnetic mo-
ment 𝐦 by extrapolating the fitted curve to zero radius and scal-
ing by the geometry-specific demagnetization factor. Table 1 summa-
rizes the results. Despite substantial variation in demagnetization fac-
tors across paths, the extracted magnetic moments—both in magni-
tude and orientation—agree excellently with the predefined simula-
tion values. This consistency across independent geometric constraints 
validates the robustness of the phase integration method. The tech-
nique reliably quantifies magnetic moments under realistic phase per-
turbations, such as noise and Fresnel diffraction. Moreover, the avail-
ability of multiple distinct geometries enhances flexibility, allowing 
adaptation to diverse experimental conditions without compromising
accuracy.

We have revisited the phase integration method for measuring mag-
netic moments by applying closed-path phase integration to simulated 
magnetic phases across three geometries: circular, elliptical, and rect-
angular. The results validate the theoretical framework for extracting 
demagnetization factors and establish a numerical approach for two-

dimensional magnetic moment measurement. Both simulations and ex-
periments confirm the method’s accuracy and reliability.

A circular integration path offers two practical advantages. First, 
its rotational symmetry cancels contributions from higher-order 
multipoles–quadrupole, octupole, and beyond–leaving only the dipole 
moment. Second, the result does not depend on where the object sits 
within the path. The trade-off is that this symmetry discards information 
encoded in those higher-order terms: details about the object’s position 
and any non-uniformity in its magnetization. Recovering that informa-
tion requires breaking the symmetry with non-circular paths, such as 
squares or rectangles.

Beyond measuring moments, the method provides a practical route 
to estimating the two-dimensional area-averaged demagnetization fac-
tor. This capability supports more precise characterization of 2D mag-
netic materials [36] and thin films [37]. The current implementation 
measures only the projected in-plane component 𝑚B

𝑥,𝑦, but the full vector 
𝐦B can be recovered through tilt-series reconstruction [38,39]. Together 
with the nanoscale spatial resolution inherent to transmission electron 
microscopy, these capabilities make phase-based TEM well suited for 
magnetic field imaging and moment measurement. As spatiotemporal 
resolution and phase sensitivity continue to improve, the technique is 
positioned to enable dynamic tracking of magnetic materials and real-
time monitoring of their moments.

The approach applies equally to phase shifts obtained from other 
phase-contrast techniques [40,41], including in-line electron holog-
raphy, differential phase contrast (DPC) imaging, and ptychography 
in scanning TEM. These methods offer complementary sensitivity for
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Table 1 
Experimental and simulation phase measurement results experimental and 
simulation phase measurement results.

 Eccentric ratio  m (×107𝜇B)  m𝜃 (degree)  Error
 Experimental
 Circle  0  2.5349  46.89  –
 Ellipse  0.5064  2.5242  47.20  –
 Rectangle  0.5462  2.5204  45.03  –
 Simulation
 Simulation  –  3.1598  61.49  –
 Circle  0  3.1686  62.25  0.28%, 0.76◦
 Ellipse  0.4401  3.1596  61.18 -0.01%, -0.31◦
 Rectangle  0.7806  3.1522  60.82 -0.24%, -0.67◦

electric and magnetic field detection at the nanoscale, with established 
applications in charge [20] and moment [21] quantification.

We have derived a quantitative relationship between the inductive 
and true magnetic moments from the volume integral of the magnetic 
induction for a uniformly magnetized object. This expression allows the 
magnetic moment to be measured from the electron-optical phase shift 
in phase-based electron microscopy–an approach we validated through 
simulation and experiment. To assess its practical limits, we examined 
three closed-path geometries and considered key holographic artifacts: 
Gaussian noise, Fresnel diffraction, and charging effects. Simulations 
show the method is robust, with errors below 1% in moment magni-
tude and angular deviations under 1◦ under realistic conditions. Our 
results establish a framework for quantitative magnetic characteriza-
tion in transmission electron microscopy, enabling precise analysis of 
nanoscale magnetic moments.
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